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.». Solutions: Term 4 2008, 2U Question 4 
 

» Part (a) 

Differentiate with respect to � and simplify:  

 

� = �� ��

��  

� = 2ln �
��  

 

�� =  ��� − ��′
��  

     =
�� �2

�� − 2 ln � �2��
��  

     = 2� − 4� ln �
��  

     = 2 − 4 ln �
��  

 

 

 

 

 

» Part (b) 

(i) Show that the volume of the cone is given by the formula � = �
� �6ℎ� − ℎ��. 

 

�ℎ − 3�� + �� = 3�  (Pythagoras’ theorem) 

ℎ� − 6ℎ + 9 + �� = 9 

                             �� = 6ℎ − ℎ� 

 

                 � = 1
3 "��ℎ 

                     = �
� ℎ�6ℎ − ℎ�� 

                     = "
3 �6ℎ� − ℎ��.      QED. 

  

Let � = 2ln � , ∴ �� = �
� 

       � = ��, ∴ �� = 2� 

1 mark  

(correctly quoting 

quotient rule) 

1 mark  

(simplification) 

1 mark  

(an equation for r2) 

1 mark  

(correct substitution 

into cone formula) 
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(ii) Find the height of the cone so that its volume is maximized. 

 

� = �
� �6ℎ� − ℎ��  

∴ )�
)ℎ = "

3 �12ℎ − 3ℎ�� 

          = "ℎ�4 − ℎ� 

 

Stationary points occur when 
*+
*, = 0, i.e. when "ℎ�4 − ℎ� = 0. 

                                                                                                        ∴ ℎ = 0    or    ℎ = 4 

 But ℎ > 0,   ∴ ℎ = 4 

 

*�+
*,� = 4" − 2"ℎ 

∴ At ℎ = 4, )��
)ℎ� = −4" 

             i. e.  )��
)ℎ� < 0 

 

� is concave down, therefore the stationary point at ℎ = 4 is a relative maximum. 

 

Since there is only one stationary point for ℎ > 0 and � is continuous for ℎ > 0, the relative maximum 

is also the absolute maximum. 

 

∴ The volume of the cone is maximized when the height is 4cm. 

 

 

 

» Part (c) 

Given that � = �1 − ��6�  

(i) Show that �� = −�6�. 

 

� = 6� − �6�  

�� = 6� − ��6� + 6�� 

�� = −�6�  

 

  

1 mark  

(first derivative) 

1 mark

(stationary point)

1 mark  

(demonstrate nature of 

stationary point, either by table 

of values or second derivative) 

1 mark  

(justification) 

1 mark  

(differentiation; 

product rule) 



Woo | 2008 

(ii) Find the co-ordinates of any stationary points and determine their nature. 

 

Stationary points occur when �� = 0, i.e. −�6� = 0 

                                                                                       � = 0 �since 6� ≠ 0 ∀ � ∈ ℝ� 

                                                                                       � = 1 

 

To determine nature of this stationary point: 

��� = ��� + ��� 

      = 6��−1� + �−��6� 

      = −6��� + 1� 

 

At � = 0, ��� = −6=�0 + 1� 

                         = −1 

           i. e.  ��� < 0 

 

� is concave down, therefore the stationary point at �0, 1� is a relative maximum. 

 

 

(iii) Find the co-ordinates of any inflexion points. 

 

Points of inflexion occur when ��� = 0, i.e. −6��� + 1� = 0 

                                                                                                      � = −1 

                                                                                                      � = 2
6 

 

Test to verify that this is a point of inflexion �unlike � = 0 in � = ���: 

 

@ −2 −1 0 

A′′ 1
6� 0 −6 

 

��� changes sign about the tested point, therefore there is a change in concavity. 

∴ �−1, �
B� is a point of inflexion. 

Let � = − � , ∴ �� = −1 

       � = 6�, ∴ �� = 6� 

1 mark  

(co-ordinates of 

stationary point) 

1 mark

(demonstrate nature of 

stationary point, either by table 

of values or second derivative)

1 mark  

(table of values) 

1 mark  

(co-ordinates) 


